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We define various classes of hypergraphs associated with m x n matrices 
of O’s and l’s and determine for which classes the maximum cardinality of a 
set of pair-wise disjoint edges equals the minimum cardinality of a set of nodes 
that cover all edges independently of the matrix. 
1. A hypergraph H consists of a set X along with a collection 8 of 
nonempty subsets of X. The members of X are called nodes; the members 
of 8’ are called edges. Hypergraphs are important generalizations of graphs 
[I]. A cycle of length q in H is a sequence (x1 , El , x2 , E2 ,..., x, , E, , xl) 
where x1 , x2 ,..., x, are distinct nodes and El , E, ,..., Ep are distinct edges 
with x2 , x2 E El , x2, x3 E Es ,..., x, , x1 E E, . An odd cycle is a cycle of 
odd length. A hypergraph is called balanced [l, 21 provided every odd 
cycle has an edge which contains three or more nodes of the cycle. 
Balanced hypergraphs are generalizations of bipartite graphs. The well- 
known theorem of K&rig [3, I] for bipartite graphs states that the 
maximum number of pairwise disjoint edges equals the minimum number 
of nodes that cover all edges. For a hypergraph H, a set of pairwise 
disjoint edges is a packing and y(H) equals the maximum cardinality of 
a packing; T(H) equals the minimum cardinality of a set of nodes which 
intersect (cover) all edges. It is clear that y(H) < T(H). As a generalization 
of the theorem of KSnig, Berge and Las Vergnas [2] have proved that 
y(H) = T(H) for a balanced hypergraph H. In this note we define some 
classes of hypergraphs and consider for hypergraphs H in these classes 
whether y(H) = T(H). 
*The research of this author was partially supported by N.S.F. Grant No. GP- 
37978X. 
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Throughout A denotes an m x IZ matrix of O’s and 1’s. Let integers k 
and 1 be chosen with 1 < k < n, 1 < 1 < m. We define a hypergraph 
H,,,(A) as follows. The nodes of this hypergraph correspond to the I’s 
of the matrix A. The edges correspond to k consecutive I’s in a row and I 
consecutive l’s in a column. In particular, there are two kinds of edges, 
horizontal edges and vertical edges, and either all edges have the same 
cardinality (k = I) or the edges are of two different cardinalities (k # I). 
We investigate for which values of k and 1 y(H,,,(A)) = T(H,,,(A)) for all 
m x n matrices A. We obtain complete results. 
2. If k = 1 or I = 1, y(H&A)) = T(H~,~(A)), the common value 
being the number of l’s in A. 
THEOREM 1. For k = 2 or n and 1 = 2 or m, the hypergraph H,JA) is 
balanced so that y(Hk,$(A)) = T(H~,~(A)). 
Proof. The hypergraph H,,,(A) is actually a bipartite graph. The 
hypergraph H,&A) has no odd cycles and hence is balanced. 
Consider an odd cycle I’ of the hypergraph H&A). Any cycle of the 
hypergraph must have at least two horizontal edges; if there were only two, 
the cycle would have an even number of edges. Thus r contains at least 
three horizontal edges. Consider the horizontal edge E, of r coming from 
the smallest indexed row of A and the horizontal edge Et coming from the 
largest indexed row. Let E, be a horizontal edge of r coming from a row 
between these two rows. The cycle I’ contains two paths PI , P, joining E, 
and Et . If PI is the path that contains the edge E, , the vertical edges 
immediately before and after E, come from different columns of A. Since 
some vertical edge of PZ must also meet Es and since the nodes of each 
vertical edge of r are all nodes of the cycle r, the edge E, contains at 
least three nodes of r. Thus H,,,Z is balanced; so is HZ,,,, . 
There are two other general theorems when one of k and I equals 2. 
THEOREM 2. For a 2 x n matrix A and 2 < k < n, 
Proof. For k = 2, the result follows from Theorem 1. So we assume 
k 3 3. We may assume that no column of A consists of all O’s and that 
no two consecutive columns form one of the two 2 x 2 matrices 
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This is so since otherwise H,,,(A) is not connected, and we have two or 
more smaller problems. Because of these assumptions, A can be partitioned 
into maximal 2-rowed submatrices (blocks) of consecutive columns where 
each block is either a matrix of all l’s (a type 1 block) or a matrix with 
one zero row and one row of all l’s (a type 2 block). We order these blocks 
from left to right: B, , B, , B3 ,... . Two consecutive blocks are of different 
type. 
We construct a packing P and a set R of nodes of H,,,(A) (I’s of A) of 
the same cardinality by considering the blocks in order. Take a block B, 
and suppose blocks B, ,..., BTpl have already been considered. 
Case 1. B, is a type 1 block. 
We put into P all vertical edges corresponding to columns of B, which 
do not intersect edges in P. From each of these columns we select a 1 to 
put into R. The I’s of R in B, are to alternate in the rows of B, , the 
1 in the first column of B, coming from the nonzero row of the type 2 
block BTpl . 
The number of edges added to P equals the number of nodes added to R. 
Case 2. B, is a type 2 block with qk + j columns (0 d j < k - 1). 
(a) If the vertical edge corresponding to the last column of B,-, is 
in P, then we put into P q pairwise disjoint edges corresponding to the 
first qk columns of B, . Put into R the l’s of B, in columns k, 2k,..., qk. 
In addition, we change, if necessary, the 1 in R from the last column of 
BTel to the 1 in the last column of BTel which lies in the row of A in which 
B, has its 1’s. If j = k - 1 and there is a B,+l , we also put into P the 
horizontal edge arising from the last k - 1 I’s of B, and a 1 of B,,, . This 
1 of BT+l is also put into R. The number of edges added to P equals the 
number of nodes added to R. 
(b) The remaining possibility is that the vertical edge corre- 
sponding to the last column (and hence the only column) of B,-, is not 
in P. Put into P the q horizontal edges corresponding to a 1 from the last 
column of BTpl and the first (qk - 1) l’s of B, . If j = k - 1, there still 
remains k consecutive I’s in B, , and we put the corresponding edge into P. 
Ifj = k - 2 and there is a Brfl , then the remaining (k - 1) l’s of B, and 
a1inB 7+1 give rise to another edge which is put in P. Put into R the l’s 
of B, in columns k - 1, 2k - l,..., qk - 1, and also the 1 of B, in column 
qk + jifj = k - 1 or the 1 of B,,, in its first column if j = k - 2. The 
number of edges added to P equals the number of nodes added to R. 
It is easy to see from the construction that the set R intersects all edges 
of H,,,(A). Moreover, R and P have the same cardinality. Hence 
#4&0) = eL2(4). 
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Note that for the 2 x n matrix A given in (l), the hypergraph H,,,(A) 
is not balanced for 3 < k < it - 2. (These hypergraphs are balanced for 
k=2,n-1,orn). 
[ 1 1 .‘.  . 1 1 
0 1 1 0’ 1 
In (1) there are k + 2 l’s in the first row and k in the second row. An 
unbalanced 5-cycle is easily constructed. 
THEOREM 3. For a 4 x n matrix A, 
Proof. If it = 3, the result is a special case of Theorem 1. Thus we 
assume 12 > 4. If El,-JA) is balanced, then we know the result is true. 
Hence we may assume the hypergraph has an unbalanced odd cycle r. 
Suppose first that there are horizontal edges in r which come from the 
first and last rows of A. Thus the entries of A in the first and last rows 
within columns 2 to n - 1 are all 1. Suppose none of columns 2,..., n - 1 
are all 1’s. If there exists i, j with 2 < i, j < n - 1 such that row 2 has a 0 
in column i and row 3 has a 0 in columnj, then IYI,-~(A) has no odd cycles, 
which is a contradiction. Otherwise, say, row 2 has O’s in columns 
2,..., II - 1, and row 3 has l’s in these columns. Since H,-1,2(A) has an 
odd cycle, the matrix A is completely determined except for one comer 
entry. One easily verifies then that ~(II&+~,~(A)) = T(H,-~,~(A)). Thus in 
this case, one of columns 2,..., it - 1 of A can be assumed to be all 1’s. 
If on the other hand, I’ contains no horizontal edge from the first row 
(or last row) of A, then the submatrix of A formed from rows 2, 3, 4 and 
columns 2,..., IZ - 1 consists of all 1’s. If any of the entries in columns 
2 ,..., n - 1 of row 1 are 1, then one of columns 2 ,..., n - 1 is all 1’s. If not, 
then all of the entries in columns 2,..., n - 1 of row 1 are 0. 
We thus conclude that either 
or 
(i) columnj, of A, 2 <j,, < n - 1, is all l’s 
(ii) columnsj,,k,,2~j,,k,~n-l,j,#k0,are(0,1,1,1)t. 
We now proceed by induction on n. 
If case (ii) occurs, delete column j, of A; otherwise only case (i) occurs 
and we delete column j, . There results a 4 x (n - 1) matrix A’ whose 
columns are numbered l,..., j,, - 1, j,, + l,..., n. By the inductive hypoth- 
esis, @Y~,-~,~(A’)) = T(I&.~(A’)). It is important to note that every 
horizontal edge in H,-1,2(A’) corresponds uniquely to a horizotnal edge in 
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H,+&4). A set of l’s of A’ which meets all edges of H,,-&4’) also 
intersects all edges of H,+&4) except for the vertical edges coming from 
the deleted column. 
Take a maximum cardinality packing P’ of H,-&A’) which uses the 
largest number of vertical edges. Except when n = 4, no two horizontal 
edges in P’ can come from consecutive rows of A’. This is so, since ifn > 5, 
the union of two such edges would contain two vertical edges and we could 
obtain a maximum cardinality packing with two more vertical edges than 
P’. Let R’ be a set of l’s with the same cardinality as P which intersects all 
edges of H,-.&A’). 
The proof now proceeds according to the number of horizontal edges 
in P’. Except when n = 4, there can be only 0, 1, or 2 such edges. The 
analysis of the various cases is quite similar, and we only include two. 
The easiest case is when P’ contains no horizontal edges. The edges in P’ 
along with one or two vertical edges from the deleted column (depending 
on the type of columns deleted) give rise to a packing P of H,-,,,(A). The 
I’s in R’ along with the one or two l’s in the deleted column give a set R 
which intersects all edges of H,&A), with the same number of elements 
as P. Hence ~(H,-r,.#)) = T(&+#)). 
Suppose P’ contains exactly one horizontal edge E. If E comes from the 
second row of A’, then no vertical edge of Hn-2,2(A’) which contains a 1 
of the first row can meet E. This means that the first row of A’ contains a 0 
incolumni,for2<i<n-l,i#j,andi==1orn(sayi=l).The 
edges in P’ together with a vertical edge from columnj, of A give rise to a 
packing P of H,-&A). We construct a set R from R’ having the same 
cardinality as P and meeting all edges of Hm-&A). If A has a 0 in the 
(1, j&position, let R consist of the l’s of R’ along with the 1 in the (3,j,,)- 
position. IfA has a 1 in the(l,j,,)-position, then consider columni,,ofAwhich 
contains the 1 of R’ in E. If the (3, i&-entry of A is 0, remove the 1 of R 
from the (2, Q-position and put into R the I’s in the (2, &)- and (4, i& 
positions. If the (3, Q-entry of A is a 1, then so is the (4, i&entry (because 
of the assumption on P’). These two l’s give rise to a vertical edge F of P’ 
in column i, . If the 1 of R’ in F comes from the third row, then we 
transform R’ as before. If the 1 of R’ in F comes from the fourth row, 
remove the I’s of R’ which come from the (2, io)- and (4, Q-positions and 
put into R the l’s in the (3, i,)-, (2,j,,)-, and (4,j,)-positions. 
Suppose now that E comes from the first row of A’. Consider the 1 in R’ 
which belongs to E. Let it come from column i (# j,). If the entry from 
row 2 of column i is 0, then replace the 1 of R in E by the 1 of A from 
column j, of the first row. These l’s along with the 1 of the third row in 
column j,, form a set R which intersect all edges of H,+1,2(A). The edges 
of P’ along with a vertical edge coming from columnj, of A form a packing 
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P of H,-1,2(A) of the same cardinality as R, and the result follows. If, 
however, the entry from row 2 of column i is 1, then so is the entry from 
row 3 of column i. If not, we can increase the number of vertical edges in P’. 
For the same reason, the entry from row 4 of column i is 0. Hence there is 
a vertical edge Fin P’ coming from column i. Let R be the set of l’s of A 
obtained from R’ by replacing, if necessary, the 1 of R’ in F by the 1 in 
row 2, column i, replacing the 1 in row 1, coulmn i by the 1 in row 1, 
column& , and adjoining the 1 in row 3, columnj,, . The edges of P’ along 
with a vertical edge coming from column j,, of A form a packing P of 
H,-&A) of the same cardinality as R. Again the result follows. 
As already remarked there are a number of other cases which we leave 
to the interested reader. 
COROLLARY 1. For a 3 x n matrix A, 
The corollary follows from the theorem by bordering A with a row of 0’s. 
It should be noted that the hypergraphs of Theorem 3 and the Corollary 
can be unbalanced. The matrix A in (2) is an example of a 3 x 4 matrix 
which has an unbalanced 7-cycle. It easily generalizes to a 3 x n matrix 
for any it > 4. 
1 1 1 0 i 1 1111. (2) 1 1 1 0 
In Theorem 3 the hypergraphs H,-&A) cannot be replaced by Hle,2 
(2 < k < II - 1). Indeed, for m 3 3 and 2 < k < n - 1, there is an 
m x 12 matrix A with y(H,,,(A)) < T(H,,,(A)). Such a matrix is indicated 
in (3) for m = 3, n = 5, k = 3. 
E i p i 81. (3) 
This matrix has an unbalanced 7-cycle. Moreover, y(H,,,(A)) = 3 and 
T(H,,,(A)) = 4. The example easily generalizes for any values of the 
parameters within the indicated range. 
There are no other cases where Y(H~,~(A)) = T(H&A)) for all A when 
HYPERGRAPHS AND PACKING PROBLEMS 121 
k=2orI=2.IndeedifI=2,3<kdn-l,mt&thenthereisan 
m x n matrix A such that &,(A) has an unbalanced 11-cycle with 
@&A)) = 5 and T@,,,(A)) = 6. The matrix A is shown in (4) for the 
case m = 5, n = 4. 
1 1 1 0 
1 0 1 0 I I 1 1 1 1. (4) 1100 1 1 1 0 
It easily generalizes for any m and n in the indicated range. Note that for 
k < n - 2, the matrices which generalize (3) also work here. 
3. For 2 < k < n, 2 < 1 < m, there is only one general result. 
THEOREM 4. For an m x n matrix A, 
1OL,m-d4) = GLI,~-I(~). 
Our proof of this theorem is a tedious analysis of many cases, and for 
this reason we do not include it. We will outline the main steps. We refer 
to rows 2,..., m - 1 of A as interior rows and columns 2,..., n - 1 as 
interior columns. Any edge which arises from interior rows or columns is 





If Hn-I,m-l(A) has interior edges, then there is a maximum 
cardinality packing which contains an interior edge. 
If there is a maximum cardinality packing which contains a 
horizontal interior edge, then there is a maximum cardinality 
packing such that each interior row which contains an edge 
contributes one edge to the packing. 
If there are no interior edges, then y(H,-I,m-I(A) < 4 and 
y(Hn-l,m-l(A)) = T(H,-~,,-~(A)). This follows since then 
H,+I,m-l(A) is balanced. 
Suppose there are interior edges. Then according to (i) and (ii) 
there is a maximum cardinality packing which has, say, an 
edge from each interior row that contains an edge. If B is 
obtained from A by permuting rows 2,..., m - 1 and 
columns 2,..., n - 1, the hypergraph IIT,+,-~(B) is iso- 
morphic to Hn-l,+l (A). Thus we may assume A has the form 
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Here J denotes matrices of all l’s of appropriate sizes. In each row of C, 
either there is a 0 or else in the corresponding row of A there is a 0 in the 
columns 1 and n. A similar remark applies to the columns of C. Undesig- 
nated entries in the matrix are arbitrary. A maximum cardinality packing 
in Hn-I,m&4) contains at least r + s + t edges. There are now 16 cases 
according to whether S, t, b, c are positive or zero. Using symmetry, 
we need consider only nine cases. Each of these cases is divided into 
subcases according to the value of y(H,+I,,&4)). 
The hypergraphs H,,-l,m-r (A) need not be balanced so that Theorem 4 
does not follow from the theorem of Berge and Las Vergnas. For integers 
m, n > 4, there is an m x n matrix A such that Hn-I,m-l(A) is not 
balanced. The matrix A shown in (5) for m = n = 4 has an unbalanced 
7-cycle. 
(5) 
In (5), a = -.a = 1 = 1. The unbalanced 7-cycle is (a, E1 , e, E2 ,f, E3 , j, 
&,L J%, 4 4, c, E, ,a> where El = {a, e, 0, & = 6% f, d, 4 = {b, J; .i>, 
E4 = {j, k, 0, E6 = (4 h, 11, Es = @, c, 4, E7 = ia, b, 4. 
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COROLLARY 2. For an m x n matrix A, 
This corollary follows from Theorem 3 by bordering A with either a row 
of O’s or a column of O’s, If m, n > 4, the matrix (5) also shows that the 
hypergraphs H,-,,,(A) need not be balanced. 
For a given pair of positive integers m, n, the only integers k, I that have 
not been considered are those that satisfy 
(i) 39k<n-2,3<l<m 
or 
(ii) 3 < k < n, 3 < I < m - 2. 
For all of these it is possible to exhibit an m x n matrix A for which 
y(I&(A)) # T(H&A)). Such a matrix is illustrated in (6) for m = n = 6, 
k = 5, 1 = 4. 
100000 
111110 
101000 i 1 101000’ (6) 111110 100000 
The hypergraph I&JA) has six edges, five of which form an unbalanced 
5-cycle. One easily checks that Y(H~,~(A)) = 2 and T(&,(A)) = 3. In 
general, for any pair k, 1 in the indicated range, the matrix having the same 
structure as (6) with 1 + 2 l’s in the first column, E l’s in the third column, 
and k l’s in rows 2 and k + 1 provides a similar example. 
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